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Abstract
Halpern and Yamron have given a Lorentz, conformal, and Diff S2-
invariant world-sheet action for the generic irrational conformal field the-
ory, but the action is highly non-linear. In this paper, we introduce
auxiliary fields to find an equivalent linearized form of the action, which
shows in a very clear way that the generic affine-Virasoro action is a
Diff S2-gauged WZW model. In particular, the auxiliary fields transform
under Diff S2 as local Lie g × Lie g connections, so that the linearized
affine-Virasoro action bears an intriguing resemblance to the usual (Lie
algebra) gauged WZW model.
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1 Introduction
It is now understood that affine Lie algebra [1,2] underlies rational conformal
field theory and irrational conformal field theory (ICFT), which includes rational
conformal field theory as a small subspace.
The chiral stress tensors of ICFT are given by the general affine-Virasoro
construction [3,4]
T = Lab ∗∗JaJb
∗
∗ (1.1)
where Ja, a = 1 . . .dim g are the currents of affine g and L
ab is a solution
of the Virasoro master equation [3,4]. See references [5,6] for reviews of recent
developments in the Virasoro master equation and the associated affine-Virasoro
Ward identities for the correlators of ICFT [7-9].
In this paper, we focus on the generic affine-Virasoro action [10], which is
a Lorentz, conformal, and Diff S2-invariant world-sheet action for the generic
ICFT. This action exhibits an elegant underlying geometry associated with the
embedding of Diff S2 in (classical) affine G × G, but the form of the action is
highly non-linear.
The central result of this paper is an equivalent linearized form of this
action, given in eq.(4.7), which shows in a very clear way that the generic affine-
Virasoro action is a Diff S2-gauged WZW model. In this form, the action bears
an intriguing resemblance to the ordinary (Lie algebra) gauged WZW model
[11,12], and we will see that this resemblance is a consequence of the underlying
geometry.
To understand the forms of the generic affine-Virasoro action, we need some
basic facts about affine-Virasoro constructions.
The original affine-Virasoro action follows from the basic quantum hamil-
tonian† of the general theory L,
H0 = L0 + L¯0 = L
ab( ∗∗JaJb + J¯aJ¯b
∗
∗)0 (1.2)
†A natural off-critical extension of the general affine-Virasoro construction is defined by
the hamiltonian (1.2) with arbitrary Lab. These theories are scale invariant and generically
non-relativistic, generally achieving Lorentz invariance only at the conformal points Lab which
solve the Virasoro master equation.
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where the barred currents J¯ and Virasoro operator T¯ = Lab ∗∗J¯aJ¯b
∗
∗ are right-
mover copies of the left-movers J and T . In general, the basic hamiltonian in
(1.2) admits a local gauge invariance, described by the (symmetry) algebra of
the commutant of H0, and the physical (gauge-fixed) Hilbert space of the L
theory may be taken as the primary states under the symmetry algebra.
As a simple example, consider the stress tensor Tg/h = L
ab
g/h
∗
∗JaJb
∗
∗ of the
g/h coset constructions [2,13,14], whose symmetry algebra is the affine algebra
of h. Then the physical Hilbert space of the non-chiral coset construction may
be chosen as the set of states
Ja
m>0|phys〉 = J¯am>0|phys〉 = 0, a ∈ h (1.3)
which are primary under affine h × h.
In the space of all conformal field theories, the coset constructions are
only special points of higher symmetry. The symmetry algebra of the generic
stress tensor T is the Virasoro algebra of its commuting K-conjugate theory T˜
[2,11,12,3],
T˜ = L˜ab ∗∗JaJb
∗
∗ = Tg − T, L˜ab = Labg − Lab, c(L˜) = cg − c(L) (1.4)
where Tg is the affine-Sugawara construction on g [2,13,15,16] and cg is its central
charge. Then the physical Hilbert space of the generic theory L may be chosen
as the set of states
L˜m>0|phys〉 = ¯˜Lm>0|phys〉 = 0 (1.5a)
T˜ = L˜ab ∗∗JaJb
∗
∗,
¯˜T = L˜ab ∗∗J¯aJ¯b
∗
∗ (1.5b)
which are Virasoro primary under the K-conjugate stress tensors T˜ and ¯˜T .
Transcribing (1.3) and (1.5) into the language of world-sheet actions, we
understand that we will obtain a spin-1 gauge theory [11,12] for the special
cases of the coset constructions and a spin-2 gauge theory [10] for the generic
ICFT, where the generic theory L is gauged by its K-conjugate theory L˜.
One other fact about the Virasoro master equation is necessary to un-
derstand the generic affine-Virasoro action. Since an action begins as a semi-
classical description of a quantum system, the affine-Virasoro action involves
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the semi-classical (or high-level) form of the K-conjugate pairs of solutions of
the master equation [17,10],
Lab∞ =
1
2
GacPc
b, L˜ab∞ =
1
2
GacP˜c
b, Lab∞ + L˜
ab
∞ = L
ab
g,∞ =
1
2
Gab (1.6a)
c(L∞) = dimP, c(L˜∞) = dim P˜ , c(L∞) + c(L˜∞) = c(Lg,∞) = dim g (1.6b)
P 2 = P, P˜ 2 = P˜ , P + P˜ = 1, P P˜ = P˜P = 0. (1.6c)
Here, P and P˜ are the high-level projectors of the L and the L˜ theories respec-
tively, whose high-level central charges are the dimensions of their projectors.
Gab is the inverse of Gab, which is the coefficient of the central term in the gen-
eral affine algebra. The results in (1.6) are valid for high levels kI of g = ⊕IgI ,
but the reader may wish to think in terms of simple g, for which Gab = k−1ηab
where ηab is the inverse Killing metric of g.
Although all high-level smooth solutions of the master equation have the
form (1.6), it is important to recall that not all projectors are solutions [17,10].
This is the high-level classification problem of ICFT, which has been partially
solved in terms of graph theory and generalized graph theory [6,18]. In the
graph theories, the projectors are adjacency matrices of the graphs, each of
which labels a level family of ICFT’s.
2 Notation and the WZW Model
We begin on the group manifold G with g(x) ∈ G in matrix representation T ,
[Ta, Tb] = ifab
c, tr(TaTb) = yGab, a, b, c = 1, . . . , dim g (2.1)
and a set of coordinates xi(σ, τ), i = 1, . . . , dim g. Introduce the left-invariant
and right-invariant vielbeins ei, e¯i and the antisymmetric tensor field Bij by
ei ≡ −ig−1∂ig = eiaTa e¯i ≡ −ig∂ig−1 = e¯iaTa (2.2a)
∂[iej]
a = ei
bej
cfbc
a, ∂[ie¯j]
a = e¯i
be¯j
cfbc
a (2.2b)
itr(ei[ej, ek]) = −itr(e¯i[e¯j , e¯k]) = ∂iBjk + ∂jBki + ∂kBij . (2.2c)
We also introduce inverse vielbeins ea
i and e¯a
i.
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In this notation, the WZW action [15] is given by,
SWZW =
∫
dτdσ(LWZW + Γ) (2.3a)
LWZW = 1
8π
Gabei
aej
b(x˙ix˙j − x′ix′j), Γ = 1
4πy
Bij x˙
ix′j (2.3b)
where Γ is the WZW term. The corresponding classical WZW hamiltonian is
HWZW =
∫ 2pi
0
dσHWZW (2.4a)
HWZW = 1
2π
Labg,∞(JaJb + J¯aJ¯b), L
ab
g,∞ =
1
2
Gab (2.4b)
where Labg,∞ is the high-level form of the affine-Sugawara construction on g, and
the currents Ja, J¯a, a = 1, . . . , dim g are given by the canonical representation
[19],
Ja = 2πe
i
a pˆi +
1
2
Gabe
b
i x
′i, J¯a = 2πe¯
i
a pˆi −
1
2
Gabe¯
b
i x
′i (2.5a)
pˆi ≡ pi − 1
4πy
Bijx
′j (2.5b)
which satisfies the bracket (classical) form of affine g × g.
3 The Generic Affine-Virasoro Action
Assuming that the currents satisfy the algebra of (classical) affine g×g, we have
the classical affine-Virasoro hamiltonian [10],
H =
∫ 2pi
0
dσH (3.1a)
H = H0(L∞) + v ·K(L˜∞) (3.1b)
H0(L∞) = 1
2π
Lab∞(JaJb + J¯aJ¯b), v ·K(L˜∞) =
1
2π
L˜ab∞(vJaJb + v¯J¯aJ¯b). (3.1c)
for the generic theory L, gauged by its K-conjugate theory L˜. Note that all four
commuting (classical) Virasoro operators (the stress tensors),
1
2π
Lab∞JaJb,
1
2π
Lab∞J¯aJ¯b,
1
2π
L˜ab∞JaJb,
1
2π
L˜ab∞J¯aJ¯b (3.2)
are involved here, as in the quantum theory, with the semiclassical substitution
L→ L∞, L˜→ L˜∞. The first two stress tensors are used to form the classical ba-
sic hamiltonian H0 =
∫
dσH0 of the L theory, while the commuting K-conjugate
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stress tensors (of the L˜ theory) play the role of Gauss’ law, and must be added,
as shown, with the spin-2 gauge field v, v¯.
For passage to the action, one needs to choose a canonical representation
of the currents. Following Ref.[10], we choose the representation in (2.5), but
it should be emphasized that other canonical representations can be chosen [20]
which lead to presumably equivalent actions.
With (2.5), one obtains the hamiltonian equation of motion,
x˙i = 4πea
iGacMc
beb
j pˆj + ea
iGabNb
cGcdej
dx′j (3.3a)
M ≡ 1− 1− v
2
P˜ − 1− v¯
2
ωP˜ω−1, N ≡ −1 − v
2
P˜ +
1− v¯
2
ωP˜ω−1 (3.3b)
gTag
−1 = ωa
bTb, ωa
cGcdωb
d = Gab (3.3c)
e¯i
a = −eibωba, e¯ai = −(ω−1)abebi (3.3d)
where ωa
b is the adjoint action of g. Eliminating p in favor of x˙, one finds the
affine-Virasoro action of the generic theory L [10],
S =
∫
dτdσ(L+ Γ) (3.4a)
L = 1
8π
e ai Gbce
c
j
[[
f(Z) + αα¯ωP˜ω−1f(Z)P˜
] b
a
(
x˙ix˙j − x′ix′j
)
+α
[
f(Z)P˜
] b
a
(
x˙ix˙j + x′ix′j + x˙(ixj)′
)
+α¯
[
ωP˜ω−1f(Z)
] b
a
(
x˙ix˙j + x′ix′j − x˙(ixj)′
)
+
[
1− f(Z) + αα¯ωP˜ω−1f(Z)P˜
] b
a
(
x˙[ixj]′
)]
(3.4b)
f(Z) ≡ [1− αα¯Z]−1, Z ≡ P˜ωP˜ω−1, α ≡ 1− v
1 + v
, α¯ ≡ 1− v¯
1 + v¯
. (3.4c)
The Lorentz, diffeomorphism, and conformal symmetries of this action are dis-
cussed in the original reference, and we confine ourselves here to some brief
remarks which will be useful below.
A. WZW limits. The affine-Virasoro action reduces to the WZW action SWZW
when we choose Lab∞ = L
ab
g,∞.
For any Lab∞, the action also reduces to SWZW in the WZW gauge,
v = v¯ = 1, α = α¯ = 0. (3.5)
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The hamiltonian theory in this gauge must be taken with the K-conjugate con-
straints L˜ab∞JaJb = L˜
ab
∞J¯aJ¯b = 0, so that H ∼ H0(L∞) on the constrained space.
B. Diff S2(K) invariance. The affine-Virasoro action is invariant under the
Diff S2(K) coordinate transformations,
δxi = Λaea
i + Λ¯ae¯a
i (3.6a)
δg = giΛaTa − iΛ¯aTag (3.6b)
δJa = fab
cΛbJc +Gab∂σΛ
b, δJ¯a = fab
cΛ¯bJ¯c −Gab∂σΛ¯b (3.6c)
Λa = 2ǫL˜ab∞Jb, Λ¯
a = 2ǫ¯L˜ab∞J¯b (3.6d)
δv = ǫ˙+ ǫ
↔
∂ σ v, δv¯ = ˙¯ǫ+ v¯
↔
∂ σ ǫ¯ (3.6e)
generated by the stress tensors of the K-conjugate theory.
With Ref.[10], we remark on the embedding of Diff S2(K) in (classical)
affine G × G. The transformation of the group element g in eq.(3.6b) shows
that infinitesimal Diff S2(K) transformations are particular transformations in
(classical) affine G × G, with the current-dependent local Lie g × Lie g gauge
parameters Λ, Λ¯ in eq.(3.6d). In this sense, Diff S2(K) is embedded locally in
(classical) affine G × G. Moreover, the result (3.6c) shows that the currents J, J¯
transform under Diff S2(K) as local Lie g × Lie g gauge fields, or connections,
with the same gauge parameters Λ, Λ¯. The embedding of Diff S2 in the affine
algebra is the underlying geometry of the generic affine-Virasoro construction,
and this geometry will continue to play a central role in the linearized action
below.
The transformation of v, v¯ in (3.6e) allows the identification of a second-rank
tensor field,
h˜mn ≡ e−φ
( −vv¯ 1
2
(v − v¯)
1
2
(v − v¯) 1
)
,
√
−h˜h˜mn = 2
v + v¯
( −1 1
2
(v − v¯)
1
2
(v − v¯) vv¯
)
(3.7)
which was called the K-conjugate metric in Ref.[10]. Note that in the WZW
gauge, √
−h˜h˜mn =
(−1 0
0 1
)
(3.8)
so that the WZW gauge is the conformal gauge of the generic action.
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To identify the K-conjugate metric more precisely, we define the symmetric
stress tensor,
Θmn =
2√
−h˜
δSAV
δh˜mn
(3.9)
which is covariantly conserved. In the WZW gauge, we find that
Θ00 = Θ11 =
1
2π
L˜ab∞(JaJb + J¯aJ¯b) (3.10a)
Θ01 = Θ10 =
1
2π
L˜ab∞(JaJb − J¯aJ¯b) (3.10b)
which identifies the K-conjugate metric h˜mn as the world-sheet metric of the L˜
theory.
C. Rigid conformal invariance. The action is invariant under a rigid (ungauged)
conformal invariance, including a rigid world-sheet Lorentz invariance, of the
usual form,
δξ± = −ρ±(ξ±), δxi = (ρ+∂+ + ρ−∂−)xi (3.11a)
δα = (ρ+∂+ + ρ
−∂−)α + (∂−ρ
− − ∂+ρ+)α (3.11b)
δα¯ = (ρ+∂+ + ρ
−∂−)α¯ + (∂+ρ
+ − ∂−ρ−)α¯ (3.11c)
where we have defined ξ± ≡ (τ ±σ)/√2. The α, α¯ transformations in (3.11) are
equivalent to the v, v¯ transformations in eq.(4.12) of Ref.[10], and identify α and
α¯ as (-1,1) and (1,-1) conformal tensors respectively. With these identifications,
each term in the action density (3.4b) is (1,1) on inspection.
The rigid conformal group is the conformal group of the L theory, generated
by the stress tensors Lab∞JaJb/2π and L
ab
∞J¯aJ¯b/2π. The theory also has a gauged
conformal group [10], in Diff S2(K), associated to the K-conjugate stress tensors
L˜ab∞JaJb/2π and L˜
ab
∞J¯aJ¯b/2π.
4 Linearized Form of the Affine-Virasoro Action
The affine-Virasoro action in (3.4) is highly non-linear, but we may linearize it
by the introduction of auxiliary fields.
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We begin by defining two matrices,
W ba ≡ δ ba + αP˜ ba , (W−1)ab = δab +
1
2
(v − 1)P˜ ba (4.1a)
W¯ ba ≡ δ ba + α¯P˜ ba , (W¯−1)ab = δab +
1
2
(v¯ − 1)P˜ ba . (4.1b)
where α, α¯ are defined in eq.(3.4). Using these matrices, we add two terms to
the hamiltonian and the corresponding action of the theory,
H′ = H +∆H, S ′ =
∫
dτdσ[pix˙
i −H−∆H] (4.2a)
∆H = − 1
2π
(
Ba − (W−1) da Jd
)
GacW bc
(
Bb − (W−1) db Jd
)
− 1
2π
(
B¯a − (W¯−1) da J¯d
)
GacW¯ bc
(
B¯b − (W¯−1) db J¯d
)
. (4.2b)
Here, Ba and B¯a, a = 1, . . . , dim g are a set of auxiliary fields, called the first
set of auxiliary connections for reasons discussed below. Since the action is
quadratic in B and B¯, the auxiliary connections are easily integrated out, show-
ing that the theory is unchanged for averages of functions of x and p.
For passage to the action, it is convenient to rearrange H ′ as follows,
H′ = HWZW
−α
π
L˜ab∞BaBb −
1
2π
(Ba − Ja)Gab(Bb − Jb)
− α¯
π
L˜ab∞B¯aB¯b −
1
2π
(B¯a − J¯a)Gab(B¯b − J¯b) (4.3a)
x˙i = −4πeaiGabebj pˆj + 2eaiGab(Bb − ωbcB¯c). (4.3b)
Because of the simple equation of motion in (4.3b), we obtain our first linearized
form of the affine-Virasoro action,
S ′ =
∫
dτdσ(L′ + Γ) (4.4a)
L′ = − 1
8π
Gab(e
a
τ e
b
τ − e aσ e bσ ) +
1
π
GabBaω
c
b B¯c
+
α
π
L˜ab∞BaBb +
1
2π
(e aτ − e aσ )Ba
+
α¯
π
L˜ab∞B¯aB¯b +
1
2π
(e¯ aτ + e¯
a
σ )B¯a (4.4b)
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where we have introduced e aτ ≡ e ai x˙i, e aσ ≡ e ai x′i and similarly for e¯. Note that
the first term in L′ and the WZW term Γ almost comprise the action SWZW ,
but the kinetic energy term has the wrong sign.
To correct this sign, we introduce a second set of auxiliary connections,
Aa ≡ (ω−1)ab
(
Bb − 1
2
Gbc(eτ
c + eσ
c)
)
, A¯a ≡ ωab
(
B¯b − 1
2
Gbc(e¯τ
c − e¯σc)
)
(4.5)
with a = 1, . . . , dim g. In terms of these auxiliary fields, we obtain the final form
of the linearized affine-Virasoro action,
S ′ = SWZW +
∫
dτdσ∆L (4.6a)
∆L = α
π
L˜ab∞
(
ωa
cAc +
1
2
Gac(eτ
c + eσ
c)
)(
ωb
dAd +
1
2
Gbd(eτ
d + eσ
d)
)
+
α¯
π
L˜ab∞
(
(ω−1)a
cA¯c +
1
2
Gac(e¯τ
c − e¯σc)
)(
(ω−1)b
dA¯d +
1
2
Gbd(e¯τ
d − e¯σd)
)
+
1
π
A¯aG
abω cb Ac (4.6b)
where SWZW is the WZW action in (2.3). In this form, we may easily verify
that S ′ reduces to SWZW in the WZW gauge, since the auxiliary fields essentially
decouple.
For the reader’s convenience, we also give this action in terms of the group
variable g,
S ′ = SWZW +
∫
d2z∆L (4.7a)
SWZW = − 1
2πy
∫
d2z tr(g−1∂gg−1∂¯g)− 1
12πy
∫
M
tr(g−1dg)3 (4.7b)
∆L = − α
πy2
L˜ab∞tr
(
Tag
−1Dg
)
tr
(
Tbg
−1Dg
)
− α¯
πy2
L˜ab∞tr
(
TagD¯g
−1
)
tr
(
TbgD¯g
−1
)
+
1
πy
tr(gA¯g−1A) (4.7c)
A ≡ AaGabTb, A¯ ≡ A¯aGabTb, ∂ ≡ 1
2
(∂τ + ∂σ), ∂¯ ≡ 1
2
(∂τ − ∂σ) (4.7d)
D ≡ ∂ + iA, D¯ ≡ ∂¯ + iA¯ (4.7e)
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where we have defined the covariant derivatives D, D¯ and d2z = dτdσ.
In this form, the theory is clearly seen as a Diff S2-gauged WZW model,
which bears an intriguing resemblance to the form of the usual (Lie algebra)
gauged WZW model [11,12]. As we shall see in the following section, this re-
semblance is due to the Diff S2(K) transformations of the auxiliary connections.
It is straightforward to check that the linearized action is equivalent to the
non-linear form of the affine-Virasoro action. Using the inversion formula
CA
B =
(
αP˜ ba δ
b
a
δ ba α¯(ωP˜ω
−1)a
b
)
, A, B = 1, . . . , 2 dim g (4.8a)
(C−1)A
B =
(−α¯ (ωP˜ω−1f(Z))
a
b
(
1 + αα¯ωP˜ω−1f(Z)P˜
)
a
b
f(Z)a
b −α
(
f(Z)P˜
)
a
b
)
(4.8b)
to integrate out the auxiliary fields in (4.4) or (4.6), we obtain exactly (3.4) in
the form
S =
∫
dτdσ(L+ Γ) (4.9a)
L = − 1
8π
Gab
(
e aτ e
b
τ − e aσ e bσ
)
− 1
8π
EA(C−1)A
BEB (4.9b)
EA = ( (e aτ − e aσ ), (e¯ aτ + e¯ aσ ) ) , EB =
(
Gbc(e
c
τ − e cσ )
Gbc(e¯
c
τ + e¯
c
σ )
)
. (4.9c)
5 Invariances of the Linearized Action
Because it is simpler, we discuss first the rigid conformal invariance, which is
the conformal invariance of the L theory. We find that the actions (4.4) and
(4.6) or (4.7) are invariant under the transformations (3.11), supplemented by
the conformal transformations of the auxiliary connections,
δBa = (ρ
+∂++ρ
−∂−)Ba+∂+ρ
+Ba, δB¯a = (ρ
+∂++ρ
−∂−)B¯a+∂−ρ
−Ba (5.1a)
δA = (ρ+∂+ + ρ
−∂−)A+ ∂+ρ
+A, δA¯ = (ρ+∂+ + ρ
−∂−)A¯+ ∂−ρ
−A (5.1b)
which identify A and B as (1,0) tensors and A¯ and B¯ as (0,1) tensors. With
these identifications, each term in (4.4b), (4.6b), and (4.7c) is a (1,1) tensor on
inspection.
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For Diff S2(K), we find that the action (4.4) is invariant under
δxi = λaea
i + λ¯ae¯a
i (5.2a)
δα = −∂¯ξ + ξ ↔∂ α, δα¯ = −∂ξ¯ + ξ¯
↔
∂¯ α¯ (5.2b)
δBa = fab
cλbBc +Gab∂λ
b, δB¯a = fab
cλ¯bB¯c +Gab∂¯λ¯
b (5.2c)
λa ≡ 2ξL˜ab∞Bb, λ¯a ≡ 2ξ¯L˜ab∞B¯b (5.2d)
where ξ, ξ¯ are the diffeomorphism parameters. The α, α¯ diffeomorphisms in
(5.2b) are equivalent to the v, v¯ diffeomorphisms in (3.6e) under the parametric
redefinition
ξ = (1 + α)ǫ, ξ¯ = (1 + α¯)ǫ¯ (5.3)
where ǫ, ǫ¯ are the diffeomorphism parameters in (3.6).
The action (4.6) or (4.7) is also invariant under Diff S2(K). For the vielbein
form of the final action in (4.6), the transformation
δAa = fab
cλ¯bAc +Gab∂λ¯
b, δA¯a = fab
cλbA¯c +Gab∂¯λ
b (5.4)
replaces that of B in (5.2c). For the g form of the final action in (4.7), the
transformations
δg = giλ− iλ¯g (5.5a)
δA = ∂λ¯ + i[A, λ¯], δA¯ = ∂¯λ+ i[A¯, λ] (5.5b)
λ ≡ λaTa, λ¯ ≡ λ¯aTa (5.5c)
replace those for x and B in (5.2). In (5.4) and (5.5), it is understood that
the gauge parameters λa(B(A)) and λ¯a(B¯(A¯)) are expressed in terms of the
connections A and A¯, using eqs.(5.2d) and the inverse of (4.5).
We remark in particular that the auxiliary connections in (5.2c), (5.4), and
(5.5) transform under Diff S2(K) as local Lie g × Lie g connections, with field-
dependent local Lie g × Lie g parameters λ, λ¯, restricted as shown in (5.2d). As
emphasized above, and in Ref.[10], this is possible because Diff S2(K) is locally
embedded in (classical) affine G × G. The Diff S2(K) transformations of the
auxiliary connections are also responsible for the intriguing resemblance of the
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linearized action (4.6) or (4.7) to the form of the usual (Lie algebra) gauged
WZW model [11,12].
Because verification of the diffeomorphism invariance of the linearized ac-
tions involves considerable algebra, we give some useful intermediate results for
the g form of the final action in (4.7). We need
δ(g−1Dg) = ∂(iλ) + [g−1Dg, iλ], δ(gD¯g−1) = ∂¯(iλ¯) + [gD¯g−1, iλ¯] (5.6)
and, using the explicit form of L˜ab∞ in (1.6), we obtain the term-by-term results,
δSWZW = − i
πy
∫
d2z tr(g−1∂g∂¯λ− ∂¯gg−1∂λ¯) (5.7a)
δ
(
1
πy
∫
d2z tr(gA¯g−1A)
)
=
1
πy
∫
d2z tr(g−1Ag∂¯λ+ gA¯g−1∂λ¯) (5.7b)
δ
(
− 1
πy2
∫
d2z αL˜ab∞tr(Tag
−1Dg)tr(Tbg
−1Dg)
)
=
i
πy
∫
d2z tr(g−1Dg∂¯λ)
(5.7c)
δ
(
− 1
πy2
∫
d2z αL˜ab∞tr(TagD¯g
−1)tr(TbgD¯g
−1)
)
=
i
πy
∫
d2z tr(gD¯g−1∂λ¯)
(5.7d)
whose sum δS ′ is zero on inspection.
It should also be emphasized that the non-linear and linear forms of the
affine-Virasoro action are conformal and Diff S2(K)-invariant because L
ab
∞ and
L˜ab∞ are solutions of the high-level Virasoro master equation. For example, tem-
porarily assuming arbitrary L˜ab∞, we obtain the extra terms in the λ¯ variation of
S ′,
δS ′ =
−2
πy2
∫
d2z α¯tr(g−1D¯gTa)(L˜
ab
∞ − 2L˜ac∞GcdL˜db∞)∂
[
ξ¯tr(g−1D¯gTb)
]
= 0 (5.8)
which vanish for the explicit solutions L˜ab∞ in (1.6).
6 The Doubly-Gauged Action
So far, we have been discussing the world-sheet action of the L theory, which
is gauged by its commuting K-conjugate theory L˜, and we have seen that the
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spin-2 gauge field h˜mn of this theory is the world-sheet metric of the L˜ theory.
Halpern and Yamron have also indicated how to incorporate the world-sheet
metric of the L theory,
hmn ≡ e−χ
( −uu¯ 1
2
(u− u¯)
1
2
(u− u¯) 1
)
,
√−hhmn = 2
u+ u¯
( −1 1
2
(u− u¯)
1
2
(u− u¯) uu¯
)
(6.1)
which results in the doubly-gauged affine-Virasoro action, with two world-sheet
metrics, hmn and h˜mn in (3.7). We will sketch these results quickly since the
steps are analogous to those above for the singly-gauged theory.
One begins with the doubly-gauged hamiltonian [10],
HD =
∫
dτdσHD (6.2a)
HD = 1
2π
[
(uL∞ + vL˜∞)
abJaJb + (u¯L∞ + v¯L˜∞)
abJ¯aJ¯b
]
≡ u · T + v ·K (6.2b)
which reduces to the hamiltonian (3.1) of the L theory when u = u¯ = 1. Defining
the matrices,
W ba ≡ δ ba +αP˜ ba +βPab, (W−1)ab = δab+
1
2
(v− 1)P˜ ba +
1
2
(u− 1)Pab (6.3a)
W¯ ba ≡ δ ba + α¯P˜ ba + β¯Pab, (W¯−1)ab = δab+
1
2
(v¯− 1)P˜ ba +
1
2
(u¯− 1)Pab (6.3b)
α =
1− v
1 + v
, α¯ =
1− v¯
1 + v¯
, β ≡ 1− u
1 + u
, β¯ ≡ 1− u¯
1 + u¯
(6.3c)
we follow the prescription in (4.2) to construct the modified hamiltonian density,
H′D = HWZW
−1
π
(αL˜∞ + βL∞)
abBaBb − 1
2π
(Ba − Ja)Gab(Bb − Jb)
−1
π
(α¯L∞ + β¯L˜∞)
abB¯aB¯b − 1
2π
(B¯a − J¯a)Gab(B¯b − J¯b) (6.4)
where B and B¯ are the first set of auxiliary connections. The linearized forms
of the doubly-gauged action are then obtained by the simple substitution
αL˜ab∞ → αL˜ab∞ + βLab∞, α¯L˜ab∞ → α¯L˜ab∞ + β¯Lab∞, (6.5)
in the singly-gauged actions (4.4), (4.6), or (4.7).
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Similarly, we we may integrate out the auxiliary connections of the lin-
earized forms to obtain the non-linear form of the doubly-gauged action,
SD =
∫
dτdσ(LD + Γ) (6.6a)
LD = − 1
8π
Gab
(
e aτ e
b
τ − e aσ e bσ
)
− 1
8π
EA(C−1)A
BEB (6.6b)
EA = ( (e aτ − e aσ ), (e¯ aτ + e¯ aσ ) ) , EB =
(
Gbc(e
c
τ − e cσ )
Gbc(e¯
c
τ + e¯
c
σ )
)
(6.6c)
C =
(
αP˜ + βP 1
1 ω(α¯P˜ + β¯P )ω−1
)
(6.6d)
C−1 =
(−ω(α¯P˜ + β¯P )ω−1f 1 + ω(α¯P˜ + β¯P )ω−1f(αP˜ + βP )
f −f(αP˜ + βP )
)
(6.6e)
f ≡
[
1− (αP˜ + βP )ω(α¯P˜ + β¯P )ω−1
]−1
(6.6f)
It is not difficult to check that this result agrees with the original form (3.4) of
the affine-Virasoro action when u = u¯ = 1 so that β = β¯ = 0.
The doubly-gauged actions are invariant under Diff S2(T ) × Diff S2(K),
which is generated by all four stress tensors in (3.2). The Diff S2(T ) transfor-
mations of the new Diff S2(T ) gauge fields are
δu = κ˙+ κ
↔
∂σ u, δu¯ = ˙¯κ + u¯
↔
∂σ κ¯ (6.7a)
δβ = −∂¯ζ + ζ ↔∂ β, δβ¯ = −∂ζ¯ + ζ¯
↔
∂¯ β¯ (6.7b)
ζ = (1 + β)κ, ζ¯ = (1 + β¯)κ¯ (6.7c)
which is a copy of eqs.(3.6e), (5.2b), and (5.3), in terms of the new Diff S2(T )
gauge parameters κ, κ¯ and ζ, ζ¯. The transformations of x, g, and the connections
A, A¯ or B, B¯ may be obtained by the substitution
λa → λa = 2(ξL˜ab∞ + ζLab∞)Bb, λ¯a → λ¯a = 2(ξ¯L˜ab∞ + ζ¯Lab∞)B¯b (6.8)
for the local Lie g × Lie g gauge parameters λ, λ¯ in eqs.(5.2), (5.4), and (5.5).
The forms in (6.8) show that Diff S2(T ) × Diff S2(K) is also embedded in
(classical) affine G × G.
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7 Conclusions
Some time ago, Halpern and Yamron found the generic affine-Virasoro action,
which is a Lorentz, conformal, and Diff S2-invariant world-sheet action for the
generic irrational conformal field theory. This action exhibits an elegant un-
derlying geometry associated with the embedding of Diff S2 in (classical) affine
G × G, but the form of the action is highly non-linear.
In this paper, we introduced auxiliary fields Aa, A¯a, a = 1, . . . , dim g to
find the linearized form of the affine-Virasoro action, given in eq.(4.7). The
embedding of Diff S2 in (classical) affine G × G plays a particularly transparent
role in the linearized action, which is clearly seen as a Diff S2-gauged WZW
model. In particular, the auxiliary fields A, A¯ transform under Diff S2 as local
Lie g × Lie g connections, which accounts for the intriguing resemblance of the
linearized action to the usual (Lie algebra) gauged WZW model.
A next step is to integrate out the spin-2 gauge fields of the non-linear
or the linearized action, following the usual semiclassical development in two-
dimensional gravity. In this case, we are gauging aK-conjugate “matter” system
with semiclassical central charge c(L˜∞) = dim P˜ , so we expect the semiclassical
action to have the form [21]
S = SWZW + SG + SFF (7.1a)
c(Lg,∞) = dim g, cG = −26, cFF = 1− 12Q2 = 26− c(L˜∞) (7.1b)
in the WZW gauge α = α¯ = 0. Here, SG is the action of the diffeomorphism
ghosts and SFF is a Feigen-Fuchs action with its background charge adjusted so
that the gauged subsystem (K-conjugate matter + ghosts + Feigen-Fuchs) has
zero semiclassical central charge. Then we may verify that the total semiclassical
central charge of the theory is the semiclassical central charge of the L theory,
c(total) = c(Lg,∞) + cG + cFF = c(Lg,∞)− c(L˜∞) = c(L∞) = dimP (7.2)
as it should be.
A full quantum version of this picture may be realized with standard BRST
operators of the form,
Q =
∮
dz
2πi
c
(
T˜ + TFF +
1
2
TG
)
, cFF = 26− c(L˜) (7.3)
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where T˜ = T (L˜) is the quantum stress tensor of the L˜ theory, with quantum
central charge c(L˜). Up to discrete states, these BRST operators reproduce the
physical state conditions (1.5) for the generic theory L.
After completion of this work, we received a paper by Tseytlin [20] which
studies an ungauged but presumably related action with chiral group variables
and dim g auxiliary fields. The hamiltonian of this action is the ungauged basic
affine-Virasoro hamiltonian H0 in (3.1), with a different canonical representation
of the currents, so the gauged form of this action should be equivalent to the
results presented here.
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